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This article presents a numerical study on the settling of uniform spheres in liquids
by means of the discrete element method. The effects of particle and liquid properties,
such as particle size, Hamaker constant, liquid density, and viscosity, on the formation
of packed beds or cakes were studied in terms of packing fraction, radial distribution
function (RDF), and coordination number (CN). The results showed that the packing
fraction of a cake increases with increasing particle size but decreases with increasing
the Hamaker constant, liquid density, and viscosity. RDF and CN also change corre-
spondingly: packings with lower packing fraction generally have RDFs with fewer
peaks and smaller mean CNs. A good correlation between packing fraction and other
structural properties was identified. The analysis of the particle-particle and liquid-
particle interactions showed that the packing properties are mainly affected by the ra-
tio of the interparticle cohesion to the effective gravity of particles. The previously
proposed equation linking packing fraction with the interparticle forces has been
extended to incorporate the impact-induced pressure force in a settling process. Based
on the modified equation, the effects of key variables on the relationship between
packing fraction and particle size were re-examined for general application. VVC 2011
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Introduction

Particle settling in liquids is important to numerous indus-
trial applications, such as mineral, biochemical, pharmaceuti-
cal, and petroleum industries.1 For example, solid-liquid sep-
aration is a major unit operation in mineral processes in
which particles are separated from slurry due to their density
or size difference and settle down on a retaining medium to
form a packed bed (often called as ‘‘cake’’). The formation
and growth of such a cake are affected by many variables,
e.g., particle size and size distribution, liquid density and
viscosity and hence have been subjected to studies for many

years.2–10 Several macroscopic models have been formulated
based on the balance and continuity of liquid and solid
phases.3,4 These models are often based on certain empirical
assumptions which are condition-dependent, thus limiting
their generality in application.2

To understand the cake structure and its evolution during
a settling process, in the past a few semidynamic numerical
models have been developed to trace the cake formation at a
particle scale, such as the sticking model,5 discrete stochastic
model,6 and kinetic force-balance model.7 As the inter-parti-
cle forces in these models are either ignored or treated with
assumptions, the models are difficult to study the effects of
the forces on the cake formation. On the other hand, models
based on the discrete element method (DEM)11,12 are fully
dynamic, describing the motion of individual particles and
explicitly considering the interactions between particles and
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between particles and fluid. DEM has been proved to be an use-
ful technique to study the packing and flow of particles,13,14

which is very much similar to the particle settling in a fluid.
A few attempts have been made to apply the DEM

approach to model settling processes,8–10 but they are two-
dimensional or mainly qualitative. We recently developed a
three-dimensional DEM model to simulate the settling of
uniform spheres in liquids15 and in a dead-end filtration pro-
cess.16 The results showed that the decrease in packing frac-
tion (¼1-porosity) is mainly due to the enhanced effect of
the cohesion between particles as a result of the reduced
gravity in liquids (gravity minus buoyancy force). The stud-
ies also revealed that packing fraction is dependent on the
properties of liquids and particles, and as a result, the so-

called random loose packing may correspond to a wide

range of packing fractions, which is different from the previ-
ous work.17 However, how the micro-structures of cakes are
changed with the varying of packing fraction is not analyzed
in any details, which is important to the permeability of
cakes and hence to the performance of the settling processes,
such as the pressure drop in filtrations. Moreover, it appears
that different settling conditions give different relationships
between packing fraction and inter-particle forces, which
should be further explored.

In this work, we extend our previous studies15,16 to over-
come these gaps. First, different treatments for simulation
will be examined to fully verify the approach. Then, the
forces and structural properties in a settling process are ana-
lyzed in details, so as to establish better mechanistic under-
standing on how cake structures change under different set-
tling conditions. It will be demonstrated that the cake struc-
tures can always be determined by a single macroscopic
parameter, i.e., packing fraction. Based on the simulated
results, an equation is formulated to link packing fraction to

various inter-particle forces. The effects of particle and liq-
uid properties on particle packing are comprehensively stud-
ied to produce some information for general application.

Numerical Model

The DEM model in this work is similar to that in the
study of the packing of fine particles in vacuum or air.13

However, modifications have been made to take into account
various interaction forces for cohesive particles and fluid
environment. In a DEM simulation, each particle possesses
translational and rotational motions which can be described
by Newton’s second law of motion, given by:
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where vi,xi, and Ii are, respectively, the translational and angular
velocities, and the moment of inertia of particle i, Ri a vector

running from the center of the particle to the contact point with its

magnitude equal to particle radius Ri, lr the rolling friction

coefficient and x̂i ¼ xi=jxij. Fn
ij and Fs

ij are the normal and

tangential contact forces respectively, and Fvdw
ij is the van der

Waals force between two particles. Due to the surface roughness,

in calculating the van derWaals force, aminimum separation hmin

¼ 1nm is assumed, i.e., when the surface gap of two particles h is
less than this value, the van der Waals force has a constant and

maximal value, a treatment that has been used in our previous

studies.13–15 The buoyancy (Fbuoy), drag (Fdrag) and Magnus lift

Table 1. Equations Used to Calculate Forces in this Work
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(Flift) forces are included todescribe theparticle-fluid interactions.

Table 1 lists the equations for the calculation of these forces.
There are two common models to calculate the adhesion

between particles, namely, the DMT (Derjaguin, Muller, and
Toporov) model23 and JKR (Johnson, Kendall, and Roberts)
model.24 In the DMT model, the radius of the elastic defor-
mation of a particle is calculated according to the Hertzian
theory, while the adhesion force according to the Hamaker
theory. On the other hand, the JKR model recognizes that
both tensile and compressive interactions contribute to the
total contact radius.24 The present force model is in essence
the same as the DMT model, where the mechanical contact
and van der Waals forces are considered separately. It has
been pointed out that the DMT theory is more suitable for
small particles with high modulus and low surface energy,
and the JKR theory is for large soft particles with high sur-
face energy.25 In Figure 1, we compare the total force
between two contact particles calculated according to the
two models for the current system. It suggests that the two
models give comparable results, and the difference can only
be observed for fine particles. In particular, our force model
can give a smooth transition for two particles moving from
non-contact to contact. Before the two particles are in con-
tact, the interaction between them is attractive and increases
with the decrease of their separation distance. The largest
adhesion occurs when the two particles begin to contact, and
with the increase of the overlap, the total interaction
increases from negative representing an attractive force to
positive representing a repulsive force. This transition is
qualitatively in accordance with the experimental findings.26

Figure 2 shows snapshots at different times to illustrate
the settling process. A simulation starts with the random
generation of 3500 uniform spherical particles with no over-
lap in a rectangular box of a length equal to 15d (particle
diameter). Periodic boundary conditions are applied to the
horizontal directions to reduce the wall effect.27 The par-
ticles are then allowed to settle down under the gravity and
other forces mentioned above until the velocities of all par-
ticles are essentially zero to form a stable packing. Under

the present conditions, the motion of liquid is very small
compared with that of particles and is therefore ignored for
simplicity. A cake grows vertically, but its structure is rather
uniform as we did not observe any significant variation in
(local) packing fraction in the vertical direction. It is worth-
while mentioning that although the structure is uniform, the
forces between particles decrease with the packing height
(from the top) because of the particle weight as will be
shown later. This is because a tiny change of particle posi-
tion, i.e., overlap between particles, although insignificant
for the packing structure, is dramatically exemplified in the
force structure because of the very large Young’s modulus
used to calculate the contact forces. The same reason applies
to the packing of fine particles in air or vacuum.28

In this work, we mainly investigate the effects of four varia-
bles related to particle and liquid properties: particle size, liquid
density and viscosity, and Hamaker constant. Table 2 lists the
base value and the varying range of each variable considered.
Unless otherwise stated, when studying the effect of a variable,
only this variable is varied while others are set to their base val-
ues. For convenience, the bottom wall is assumed to have the
same properties as particles but infinity large radius.

Results and Discussion

The numerical model is validated by comparing the simu-
lated with the measured results, as reported in our previous

Figure 1. Interaction between two particles calculated
by the present DMT-type model and the JKR
model for 100 lm and (inset) 1000 lm particles
when the Hamaker constant is 6.5 3 10220 J.

Figure 2. Snapshots showing the formation of a pack-
ing in settling process: (a) t 5 0 s, (b) t 5 1.0
s, (c) t 5 2.0 s.

Table 2. Parameters Used in the Simulation

Parameter Base Value Varying Range

Particle size, d 250 lm 5–1000 lm
Particle density, qp 2460 kg/m3 –
Liquid density, qf 1000 kg/m3 500–2450 kg/m3

Liquid viscosity, lf 0.001 kg/(ms) 0.0001–0.1 kg/(ms)
Hamaker constant, A 6.5 � 10�20J 1.0 � 10�22 �

6.5 � 10�20 J
Young’s modulus, Y 1.0 � 107 N/m2 –
Damping coefficient, cn 2.0 � 10�5 –
Sliding friction

coefficient, ls
0.3 –

Rolling friction
coefficient, lr

0.02 –
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work.15 The physical experiments are conducted by settling
mono-dispersed glass beads in a mixture of diiodomethane
(density 3300 kg/m3) and toluene (density 867 kg/m3). The
mixture density is controlled by adjusting the liquid compo-
sition, which is the volume weighted mean of the densities
of the two liquids. Other liquid properties, such as viscosity
and the Hamaker constant, vary more complicatedly. While
the liquid viscosity is measured by a viscosity meter, the
Hamaker constant of the glass beads in the liquid mixture is
determined by two methods. One is assuming A is constant
which gives the best fitted results at 1.0 � 10�21 J. And the
other method is to set A as the weighted mean of the
Hamaker constants for glass beads in pure toluene (3.0 �
10�21 J) and diiodomethane (1.0 � 10�22 J).15 The estimated
A as a function of liquid composition is shown in Figure 3.
Figure 4 compares the simulated and measured packing frac-
tions. It can be seen that both methods can give results com-
parable with the experimental data, which confirms the va-
lidity of our numerical model despite the uncertainty in
determining the Hamaker constant. In the following, we will
analyze the packing structure and forces based on the simu-
lated results.

Packing structures

Figure 5 shows the effects of the variables considered on
packing fraction. The results are actually re-plotted based on
those reported elsewhere.15 They are used here to establish
some background for the present structural analysis. Figure
5a demonstrates that q decreases with increasing A, which is
qualitatively consistent with the previous findings.13 Quanti-
tatively, the decrease is more significant in heavier liquids.
This is because the increase in A means increasing the inter-
particle cohesion, which can suppress particle movements.
For heavier liquids, the role of cohesion is further enhanced
as the gravity force, the driving force to form a packing
here, are neutralized by a larger buoyancy force, resulting in
a looser packing structure. Similar trends are also observed
from Figure 5b which shows that the packings of smaller

particles have lower packing fractions. This is because the
van der Waals force becomes more and more important in
heavier liquids. Figures 5c, d show that increasing liquid
density or viscosity decreases packing fractions. This is
because an increased liquid density or viscosity will increase
the resistant force to the motion of particles. Notably, if the
interparticle cohesion is ignored (A ¼ 0), the packing frac-
tion is almost at a constant of 0.615. This highlights the crit-
ical role of the van der Waals force. The changes to other
variables only enhance or weaken this role.

Particle rearrangement is necessary to generate a dense
packing. Figure 6 shows the trajectory of a typical particle
in a settling process. The particle firstly experiences the free
settling period during which only its height (z) decreases.
After the particle touches the underneath particles, it starts to
rearrange its position, mainly in the x and y directions, until
it reaches its stable position. Different packing conditions
give different degrees of rearrangement and hence different
packing fractions. Figure 7 shows that there is a relationship
between packing fraction and particle rearrangement which
is here measured by the average horizontal displacement,

Sd ¼ 1
N

PN
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi;t � xi;0Þ2 þ ðyi;t � xi;0Þ2

q
, where N is the

number of particles in a simulation, xi,t and yi,t are the two
horizontal coordinates at the final state, while xi,0 and yi,0 are
those at the initial state. Clearly, packing fraction can be
related to the microdynamic behavior of individual particles.

Other structural properties also change in association with
the change in packing fraction. Two common properties, ra-
dial distribution function (RDF) and coordination number
(CN), are examined here. Figure 8 shows the variation of
RDF with different variables. Figure 8a shows that the RDF
of the packing of 1000 lm particles has a visible second
peak, which is typical for the random packing of noncohe-
sive particles. As particle size decreases and packing fraction
decreases, the first peak in the RDF becomes narrower and
the second peak becomes weaker gradually. These changes

Figure 3. Variation of the measured liquid viscosity
(solid line) and the estimated Hamaker con-
stant (dashed line) with liquid composition.

Figure 4. Packing fraction of different sized glass
beads as a function of liquid composition.

Points are the measured results: ~, d ¼ 500 lm; h, d ¼
250 lm; ^, d ¼ 110 lm. Lines are the simulated results:
solid lines are the results by setting A ¼ 1.0 � 10�21 J,
dashed line are the results by estimating A based on the liq-
uid compositions (see Figure 3).
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are consistent with the packing of fine particles in air or vac-
uum13,14 and suggest the ordered packing becomes more
localized. The increase in liquid density or viscosity leads to
similar changes in the RDF with decreasing packing fraction,
as shown, respectively, in Figures 8b, c.

Figure 9 shows the effects of these variables on the CN
distribution. It should be noted that CN is dependent on
the critical distance of separation less than which two par-
ticles are defined in contact. In this work, the distance is
set to 0.005d (d is particle diameter), i.e., two particles are
considered in contact if the distance between their centers
is less than 1.005d. With the decrease of particle size, the
most probable contact number decreases from 6 to 2 (Fig-
ure 9a). The decrease also occurs with increasing liquid
density (Figure 9b) and liquid viscosity (Figure 9c),

Figure 6. Coordinates of a selected particle as a func-
tion of time during the settling process.

Figure 5. Packing fraction as a function of: (a) Hamaker constant with qf 5 2200 kg/m3 (n) and qf 5 2400 kg/m3

(D); (b) particle size with qf 5 0 kg/m3 (n), qf51000 kg/m3 (D) and A 5 0 J (^); (c) liquid density with d 5
1000 lm (n), d 5 250 lm (D) and A 5 0 J (^); (d) liquid viscosity with d 5 1000 lm (n), d 5 250 lm (D)
and A 5 0 J (^).

Other parameters use the base values listed in Table 2.

Figure 7. Packing fraction as a function of averaged
horizontal movements of particles during the
settling process.

AIChE Journal May 2012 Vol. 58, No. 5 Published on behalf of the AIChE DOI 10.1002/aic 1413



indicating that the change of local packing structure is sim-
ilar under these conditions. Indeed, as shown in Figure 10,
there is a general correlation between the mean CN and
packing fraction. This correlation can be described by the
following equation13:

N ¼ N0

1þ aq4

1þ bq4
(3)

where N is the mean CN, and parameters N0, a, and b are,
respectively, 2.02, 87.38, and 25.81.

It can be seen that both RDF and CN show similar varia-

tions when packing fraction decreases with the decrease of

particle size, or the increases of liquid density and/or liquid

viscosity. It was reported that there is a one-to-one relation-

ship between packing fraction and the microstructural proper-

ties in the packings of coarse and fine particles in air.14 Such

relationship is also applicable to the packings formed in

liquids. We plot in Figures 11 and 12, respectively, the RDF

and CN distributions of the packings with similar packing

fractions, with detailed conditions given in Table 3. Both fig-

ures demonstrate that the microstructures of the packings are

similar when their packing fractions are close, despite that

they are formed under different conditions. The results sug-

gest that various properties affect the packings by a common

mechanism, which should be related to the forces controlling

the packing process, as packing is essentially a dynamics pro-

cess governed by these forces.

Force analysis

The effects of particle and liquid properties can be further

understood in terms of the forces controlling the settling pro-

cess. The force information can be readily obtained from the

simulations. Figure 13 shows the temporal variations of the

forces for a single particle and all the particles on average

under given settling conditions. They both show a similar

trend which can be divided into three periods. The first pe-

riod corresponds to a free settling process where a particle

has a constant terminal velocity due to the balance among

the gravity, buoyancy, and liquid drag forces. As the interac-

tions with other particles are limited, the van der Waals

force is negligible while the drag force has a maximum

value. In the second period, the particle touches the already

formed packing underneath and re-arranges itself to obtain

its mechanically stable position. While the van der Waals

force reaches the maximum value as the particle is in contact

with others, the drag force decreases sharply with the decreas-

ing velocity. In the third period, the particle has a very small

oscillation in position and the drag force diminishes gradually.

It is observed that the lift force is several orders of magnitude

smaller than other forces so its effect can be ignored.
Figure 14 shows how the forces are affected by the key

variables. It can be seen that decreasing the Hamaker con-
stant and hence the van der Waals force (Figure 14a) leads
to an increased re-arrangement time, as particles are less
likely to stick to others. On the other hand, the increase in
liquid density (Figure 14b) or viscosity (Figure 14c)
increases the hindrance to the movements of particles when
they collide and interact with others, hence reducing the re-
arrangement time. They also increase the drag force and the
lift force so that particles take a longer time to settle down.

The drag and lift forces are dependent on particle velocity
and both will be zero once a packing reaches its final stage.
The remaining forces are the contact force, van der Waals
force, and buoyancy force, in addition to the gravity. The
contact force is the most important and has been studied
extensively.28,29 Here, we study the spatial and statistical dis-
tributions of the contact force in cakes formed under differ-
ent conditions. Figure 15 shows the spatial distribution for
the normal contact forces of different packings. In the dense
packing (Figure 15a), the large force chains (darker and
thicker branches) exist at the bottom and propagate upwards.
As the gravity force is dominant, particles need relatively
larger contact forces to support particles above them. How-
ever, as a cake becomes looser due to the changes in particle
size, liquid density, or viscosity, as shown in Figure 15b–d,
the large force chains are less obvious at the bottom, indicat-
ing that the van der Waals force plays a more and more im-
portant role in balancing the gravity.

Figure 16 shows the statistical distributions of the contact
forces for packings with similar packing densities that are

Figure 8. Variation of RDF with: (a), particle size; (b), liquid density; and (c), liquid viscosity.
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listed in Table 3. To eliminate the effect of gravity and size,
we used a normalized force which is defined as the ratio of
the forces and the mean value at the same height (f ¼ Fi,h/
\Fh[). Unlike the packing of cohesionless particles, the
force distributions show a well-defined peak around the
mean value which becomes more prominent with decreasing
particle size, and the curve moves to a more symmetrical
form and becomes narrower. These distributions are consist-

ent with those for fine particles packed in air or vacuum,29

showing similar variations of the forces in the packing with

the decreasing of packing fraction and suggesting the exis-

tence common relationships between packing fraction and

the forces.
Our previous studies showed that packing fraction can be

quantitatively linked to the averaged ratio of the van der
Waals force to gravity, given by13–15,30:

q ¼ q0 1� exp avb
	 
	 


(4)

where q0 is the packing fraction of cohesionless spheres, a and
b are parameters relating to particle properties.14 The force
ratio vi for particle i can be given as:

vi ¼
X
j

Fvdw
ij

��� ���=miDg (5)

where Fvdw
ij is the van der Waals force between particles i and

j, and v ¼ hvii is the averaged vi, and Dg ¼ (1 � qf/qp)g is the

effective gravitational acceleration. The effective gravity force
miDg under different conditions can be given as: (i), in
vacuum, miDg ¼ mg13; (ii), settling in liquids, miDg ¼ mg �
|Fbuoy|

15; and (iii), dead end filtration, miDg ¼ mg � |Fbuoy| þ
|Fdrag|.

16 This force ratio is similar to the so-called Bond
number which has been used to describe the dynamic behavior
of cohesive powders31,32. The differences are: (1) our
treatment links the force ratio directly to the packing structure
as the forces are summed over all the neighbour particles in a
packing; and (2) the concept of effective gravity force is used
to take into account of the buoyancy and drag forces.

Figure 17 plots q as a function of v for all the cases stud-
ied in this work. For comparison, other results obtained from
the simulation of the packing of fine particles in vacuum13

and in filtration process16 and the experimental studies of the
random loosest packing formed in the fluidized bed32 have
also been included. Note that for the packing formed after
defluidization, we have converted the Bond number (|Fvdw

ij |/
mg) for a single contact to our index við¼

P
j jFvdw

ij j=miDgÞ
by multiplying the mean CN estimated according to Eq. 3.

It can be seen that all the data can be described by Eq. 4,
but a and b are different with different data sets. Specifi-
cally, at a given force ratio, packing fraction is the largest
for the packing in vacuum, and the smallest for the packing
from defluidization. The differences are attributed to the dif-
ferent packing conditions. For the packing in the air or vac-
uum, particles fall from a certain height and hit the packed
bed with a relatively high velocity. Macroscopically, the

Figure 9. Variation of CN distributions with different: (a), particle size ( , d 5 5 lm; n, d 5 100 lm; and ^, d 5
1000 lm); (b), liquid density ( , qf 5 2400 kg/m3; n, qf 5 2300 kg/m3; and ^, qf 5 1000 kg/m3); and (c),
liquid viscosity ( , lf 5 0.0001 kg/(ms); n, lf 5 0.01 kg/(ms); and ^, lf 5 0.1 kg/(ms)).
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continuous impacts act like a compression force on the pack-

ing, which we name as the impact induced pressure (FIIP).

This force does not exist at the final stage but its resultant

effect remains. On the other hand, such an impact is mini-

mized by the upward air flow for the packing from defluid-

ization, and is suppressed by liquid in a settling process.

This impact induced pressure is an enhancement of the grav-

ity and should be added in the effective gravity term in Eq.

5, giving a modified force ratio v
0
i:

v0i ¼
X
j

Fvdw
ij

��� ���=ðmiDgþ FIIP
i Þ (6)

Generally, FIIP should be proportional to the impact force of a

particle onto the packed bed. When particle i hits an existing

bed, the average impact force Fimp can be calculated by its

momentum loss divided by the collision time, i.e.,

Fimp
i ¼ miV

imp=Dtimp (7)

where Vimp is the impact velocity, and Dtimp is the collision
time. The impact velocity can be estimated under different
situations. In air or vacuum, the impact velocity depends on
the drop height of a particle, with its average given by:
V
imp ¼

ffiffiffiffiffiffiffiffiffi
2gH

p
, where H is the average height of a particle to

the underneath packed bed, which can be estimated from the

initial and final packing fractions. For the packing formed

from defluidization, particles are controlled to have a nearly

zero impact velocity, i.e., Vimp � 0. For particles settling in a

liquid or filtration, as the initial packing fraction is low and

particles have enough height to reach their terminal velocity,

the impact velocity can be estimated by the terminal velocity

of a single settling particle, given by the Stoke’s Law33:

Vimp ¼ 1
18

ðqp�qf Þ
lf

gd2 in settling, or Vimp ¼ 1
18

ðqp�qf Þ
lf

gd2 þ Uf in

filtration, where Uf is the liquid velocity. On the other hand,

Dtimp is not easy to estimate. Dimensional analysis shows that

Dtimp / ffiffiffiffiffiffiffiffiffiffiffi
d=Dg

p
. Thus Eq. 6 can be written as

v0i ¼
X
j

Fvdw
ij

��� ���=ðmiDgþ j
miV

impffiffiffiffiffiffiffiffiffiffiffi
d=Dg

p Þ (8)

where j is a lumped parameter to be determined. In this work,
we simply assume j to be a constant. Replacing v with v

0
in

Eq. 4, we obtain

q¼q0 1�exp a
X
j

Fvdw
ij

��� ���= miDgþjmi
Vimpffiffiffiffiffiffiffiffiffiffiffi
d=Dg

p
 !* +b

0
@

1
A

0
@

1
A

(9)

Using all the data in Figure 17, the best fitting parameters in

Eq. 9, obtained with the solver in Excel 2000, are a ¼ �2.78, b
¼ �0.195 and j ¼ 4.35. The dependency of q on v

0
is plotted

in Figure 18. It can be seen that the data under different

conditions can now collapse into a single curve, which verifies

the generality of Eq. 9. It is also noticed that some data deviate

Figure 11. Comparisons of the RDF of different packings with similar packing fractions: (a), –-, q 5 0.546 (S1); and
—, q 5 0.549 (S2); and (b), –-, q 5 0.346 (S4); and —, q 5 0.347 (S5).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com].

Figure 10. Averaged CN as a function of packing frac-
tion for data obtained under different condi-
tions. , the packing of fine particles13; D,
the settling of particles in liquid15; and solid
line is calculated from Eq. 3.
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from the curve. This is probably due to the simplified

treatment of FIIP in the current work. Moreover, it is known

that in addition to particle density, other particle properties

such as friction and restitution coefficients will affect packing,

e.g., q0 in Eqs. 4 or 9,34–36 it is not clear how they may affect

the settling of particles in liquids. Further studies are,

therefore, necessary to overcome these problems. Nonetheless,

as demonstrated below, Eq. 9 is very useful to assess the

effects of liquid-related properties.

Effects of liquid properties on the q-d relationship

Equation 9 quantifies the effects of key variables on the
packing fraction. It allows a wide range of packings formed
under different conditions to be discussed analytically. Here,
it is applied to study the effects of liquid properties on the

q-d relationship which represents an important aspect in the
study of particle packing.30 Similar to the above simulation
studies, when studying the effect of a variable, other varia-
bles are set to their base values unless otherwise stated.
Moreover, for simplicity it is assumed that the van der
Waals force for particle i can be estimated
as20:jFvdw

ij j ¼ A
12

d
h2
min

. In this case, vi0 can be written as a func-
tion of A, d, qf, and lf :

v0i �
A

2h2mingd
2ðqp � qf Þ

� 1

1þ ðj ffiffiffiffiffiqpp
=18Þ

ffiffiffiffiffi
d3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqp � qf Þ=l2f

q
(10)

The relationship between packing fraction and particle size has
been well established for the packing of particles in air: q
decreases with d when d is smaller than 100 lm. This is
because that the gravity decreases faster than the van der
Waals force with the decrease of d, which increases the
difficulties for particle re-arrangements.13,37 For particle
settling in liquids, the q-d relationship is dependent on liquid
properties. Figure 19 shows the relationships between q and d
with different Hamaker constants, liquid densities or liquid
viscosities. Generally, q increases from almost zero to a
maximum value (q0) with the increase of d, which is similar to
that in air. q0 is the packing fraction for noncohesive particles.
However, quantitatively, the q-d relationship is different under
different conditions. Figure 19a shows that with a smaller A, q
increases faster with the increase of d and reaches q0 at a
smaller d. This is because a lower A results in a lower van der
Waals force under the same d. When A ¼ 0, the packing
fraction will always be q0 and the change of d has no effect on

Figure 12. Comparisons of the CN distribution of differ-
ent packings with similar packing fractions:
(i) ^, q 5 0.546 (S1); 1, q 5 0.549 (S2); and
D, q 5 0.547 (S3); and (ii), h, q 5 0.346 (S4);
and 3, q 5 0.347 (S5).

Table 3. List of Selected Simulated Cases

Case d (lm) qf (kg/m
3
) lf (kg/(ms)) A (� 10�20J) q

S1 100 1000 0.001 0.57 0.546
S2 1000 2400 0.001 6.5 0.549
S3 250 1000 0.001 6.5 0.547
S4 50 2200 0.01 6.5 0.346
S5 20 1000 0.001 6.5 0.347

Figure 13. Variation of: (a), the forces of a single particle with time; and (b), the average forces of all particles with
time during the packing process.

All parameters are at their base values.
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Figure 14. Variation of the average forces on particles with time during a settling process under different condi-
tions: (a), A5 5.7 3 10221 J (lower Hamaker constant than Figure 13(b)); (b), qf 52200 kg/m3 (higher liq-
uid density); and (c), lf 5 0.01 kg/(ms) (higher liquid viscosity).

The vertical dashed line roughly separates the free settling and rearranging periods.

Figure 15. Contact force network in a cross section of thickness of 2 particle diameters: (a), base case; (b), d5 50 lm
(smaller size); (c), qf 5 2400 kg/m3 (higher liquid density); and (d), lf 5 0.1 kg/(ms) (higher liquid viscosity).

Darker and thicker branches represent larger contact forces.

Figure 16. Statistical distributions of the normalized
contact forces for the packings listed in
Table 3. –.–, q 5 0.546 (S1); ---, q 5 0.549
(S2); —, q 5 0.547 (S3); — —, q 5 0.346 (S4);
------, q 5 0.347 (S5).

Figure 17. Packing fraction as a function of the force ra-
tio v. Points are data from simulations of: n,
packing of fine particles13; D, settling of par-
ticles in liquid15; ^, packing formed in filtra-
tion16; and , packing formed from defluid-
ization.32

Lines are the results calculated according to Eq. 4: solid
line,13 q0 ¼ 0.616, a ¼ �7.750 and b ¼ �0.256; dotted
line,15 q0 ¼ 0.616, a ¼ �2.457, and b ¼ �0.212.
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q, which highlights the key role of the cohesion force in
forming the loose packing, and is in agreement with the
previous discussions.30 Figures 19b, c show that for liquids

with higher density and/or higher viscosity, q rises slower with
the increase of d and approaches q0 at a larger d, as Eq. 10
shows the increase of qf or lf will decrease vi0 and hence q.

It was thought that packing fraction decreases with the
effective gravity (mDg).17 However, as pointed out in our
previous study,15 packing fraction should be related to not
only the effective gravity but also the cohesive force. It is
the ratio between the cohesive force to the effective gravity
that controls the final packing. Figure 20 demonstrates that q
decreases with the effective gravitational acceleration, which
is related to the liquid density, when the impact velocity is
assumed to be zero. It can be seen that for different sized
particles, the q-mDg relationship varies with particle size
because of the varied cohesive force. At a given effective
gravitational acceleration, q is still smaller for a smaller d.
This is because the effective gravity is controlled by particle
mass which is proportional to d3, and increases faster than
the van der Waals force which is proportional to d.

One interesting question is what will be the relationship
between q and d if the effective gravity is constant? By
varying the liquid density for different particle sizes, such
condition can be obtained. Figure 21 shows the results
obtained under different effective gravity forces, calculated
according to Eqs. 4 and 10. Note that in this figure, A is set
to be 1.0 � 10�21 J to give the most comparable simulation
results to the experimental data. It is clear that under the
same effective gravity, q decreases with increasing d. The
experimental data, although limited, indeed confirms the

Figure 18. Packing fraction as a function of the force ra-
tio v0 from different data sets: n, packing of
fine particles; D, settling of particles in liquid;
^, packing formed in filtration; and , pack-
ing formed from defluidization.

Lines are results calculated from Eq. 4: q0 ¼ 0.616, a ¼
�2.78, b ¼ �0.195.

Figure 19. Packing fraction as a function of particle size for different: (a), Hamaker constants (line 1, A 5 0 J; line 2,
A 5 1.0 3 10225 J; line 3, A 5 1.0 3 10222 J; line 4, A 5 1.0 3 10219 J; and line 5, A 5 1.0 3 10216 J); (b), liq-
uid densities (line 1, qf 5 0 kg/m3; line 2, qf 5 1000 kg/m3; line 3, qf 5 2000 kg/m3; line 4, qf 5 2300 kg/m3;
and line 5, qf 5 2400 kg/m3); and (c), liquid viscosities (line 1, lf 5 1.0 3 1025 kg/(ms); line 2, lf 5 1.0 3
1024 kg/(ms); line 3, lf 5 1.0 3 1023 kg/(ms); line 4, lf 5 1.0 3 1022 kg/(ms); and line 5, lf 5 1.0 kg/(ms)).
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analytical results. Obviously, the decrease of q with the
increasing d is opposite to that shown in Figures 5b and 19.
However, they are actually consistent with each other
because they are all described by Eq. 9. Figures 5b and 19
show that q-d relationships when mDg varies relating to dif-
ferent variables, while Figure 21 shows the q-d relationships
when mDg is constant. Constant mDg is difficult to realise in
physical experiments. In fact, the q-d relationships reported
in the literature were all obtained under the condition that
mDg is proportional to d3. However when mDg is constant,
increasing d will increase the van der Waals force and hence
decrease v0, resulting in decreased q. Obtained for different
constant mDg, the results in Figure 21 are therefore very il-
lustrative in highlighting the importance of cohesive forces.

Conclusions

The effects of material properties on the packing formed
by settling uniform spheres in liquids were studied by DEM
model. The results show that packing fraction decreases with
the decreasing particle size or increasing Hamaker constant,
liquid density and viscosity. With decreasing packing frac-
tion, the packing structure changes in a similar way. In gen-
eral, the subpeaks of the RDF diminish gradually, showing a
decrease of the local order. The average CN decreases and
its distribution becomes narrower. The packings formed
under different conditions with the same packing fraction are
found to have almost the same RDF and CN distributions,
demonstrating that they have the close packing structures.
Therefore, the structures of cakes can be described by a sin-
gle macroscopic parameter, i.e., packing fraction or porosity.

The effects of variables related to material properties on
packing are through their effects on the process-related and
process-independent forces during the settling process. The
increase of the Hamaker constant, liquid density or viscosity
increases the cohesion and liquid-particle forces, producing

an increased resistant force to particle flow and re-arrange-
ment and hence a decreased packing fraction.

A general equation has been formulated to describe the
dependence of packing fraction on inter-particle forces such
as the gravity, the cohesive force, the effective buoyancy
force, and the impact induced pressure force. This equation
can generally be used to investigate the effects of particle
and liquid properties under different conditions, at least as
the first approximation. It also shows the relationship
between packing fraction and particle size is very much con-
dition-dependent and hence complicated.
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